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Let X = G/K be a connected Riemannian homogeneous space of a real Lie group G. We 
assume that the action G : X of G on X is locally effective, i.e., K contains no non-trivial 
connected central subgroups of G. Denote by V(X) G the algebra of G-invariant differential 
operators on X and by V(T*X) G the algebra of G-invariant functions on T*X polynomial 
on fibres. It is well known that V(T*X) is a Poisson algebra, the Poisson bracket being 
induced by the commutator in V(X) G . 

The homogeneous space X is called commutative or the pair (G, K) is called a Gelfand 
pair if the following three equivalent conditions are satisfied: 

1) the algebra of i^-invariant measures on X with compact support is commutative with 
respect to the convolution; 

2) the algebra V(X) G is commutative; 

3) the algebra V{T*X) G is commutative with respect to the Poisson bracket. 

The equivalence of the first two conditions was proved by Thomas [22] and Helgason jH), 
independently. Evidently, condition 3) is a consequence of 2). The inverse implication is 
recently proved by Rybnikov [21]. Commutative spaces can also be characterised by several 
other conditions. For instance, X is commutative if and only if the representation of G in 
L 2 (X) has a simple spectrum, see 

Symmetric Riemannian homogeneous spaces introduced by Elie Cartan are commutative. 
The theory of symmetric spaces is well developed. Works of Elie Cartan and Helgason 
describe their structure and also deal with harmonic analysis on such manifolds. One can 
hope that some day commutative spaces will be as thoroughly studied as symmetric spaces. 

We denote Lie algebras of Lie groups by corresponding small gothic letters, for example, 
= Lie G and t = Lie K . 

Definition 1. A real or complex linear Lie group with finitely many connected components 
is said to be reductive if it is completely reducible. 

If X is a commutative homogeneous space of G, then, up to the local isomorphism, G 
has a factorisation G — N X L, where N is a nilpotent radical of G, K C L, L and K have 
the same invariants in K[n] and [[n, n],n] = 0, see [22]. Without loss of generality we may 
assume that the center of L is compact and the commutator group V of L is a real form of 
some complex semisimple group. Hence, L is a reductive group. For a reductive Lie group 
F acting on a linear space V, we denote by F*(V) a generic stabiliser for this action. The 
stabiliser of a point y G V is denoted by F y . Set m := l/t. In section 1 we prove the following 
criterion of commutativity. 
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Theorem 0.1. X = (N X L)/K is commutative if and only if all of the following three 
conditions hold: 

i) R[n] L = R[n] K ; 

ii) for any point 7 G n* the homogeneous space L 1 /K 1 is commutative; 

Hi) for any point (3 G m* the homogeneous space (N X Kp)/Kp is commutative. 

Let F be a complex reductive Lie group and H C F a reductive subgroup. 

Definition 2. An affine complex F- variety X is called spherical if a Borel subgroup B(F) C 
F has an open orbit in X. If X is a linear space and a spherical F- variety then it is called 
a spherical representation of F. If a homogeneous space F/H is spherical, then the pair 
(F, H) and the subgroup H are also called spherical. 

Let G be a real form of a complex reductive group G(C). Suppose K C G is a compact 
subgroup. We call the real homogeneous space G/K, the subgroup K and the pair (G,K) 
spherical if the complexification X(C) = G(C)/K(C) is a spherical G(C)-variety. 

The commutative homogeneous spaces of reductive Lie groups are just the real forms 
of the spherical affine homogeneous spaces, see, for example, [231. The theory of spherical 
homogeneous spaces is well developed, in particular, they are classified in [TT], [6| and [16j. 
Note that JE] deals only with so-called principal homogeneous spaces (see Definition 5 in the 
third part of the present article). In [TO] one type of non-principal spherical homogeneous 
spaces is described. The final classification is obtained in [2H]. The real forms of homogeneous 
spherical spaces, i.e., commutative homogeneous spaces are explicitly described in [25] . 

Let X = (N\L)/K be a commutative homogeneous space. Denote by P the ineffective 
kernel of the action L : n. Evidently, P is a normal subgroup of L and G. Due to (i) we 
have L/P C 0(n). Hence the group L 1 is reductive for any 7 e n*, so in (ii) we can replace 
the word "commutative" by "spherical" and look up the given homogeneous space in the list. 

Because the orbits of the compact group K in n are separated by polynomial invariants, 
L and K have the same invariants in M[n] if and only if they have the same orbits. In other 
words, condition (i) means that there is a factorisation L = L*(n)K or equivalently L/P is 
a product of L*(n)/P and Kj{K fl P). All nontrivial factorisations of compact groups into 
products of two subgroups are classified by Onishchik [18j. The classification results are also 
nicely presented in [TU Chapter 4]. 

Commutativity is a local property, i.e., it depends only on the pair of algebras ($j, t), see 
[23j. We assume that both G and K are connected, N is simply connected, L = Z(L) x 
L\ x ... x L m , where Z(L) stands for the connected centre of L and Lj are connected non- 
commutative simple groups. We also assume that Lj are real forms of simply connected 
complex simple groups and the action of a factor group Z(L)/(Z(L) fl P°) on n is effective. 
It can happen, that for a given pair (0,6), there is no effective pair (G,K) satisfying these 
assumptions, so we admit not only effective actions G : (G/K) but locally effective as well. 
In tables and theorems we write U n instead of U\ x SU n and sometimes SO n instead of Spin n . 
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Suppose X = (N X L)/K is commutative. Let 30 C [n, n] be an L-invariant subspace 
and Z Q C N a corresponding connected subgroup. Then the homogeneous space X/Z = 
((N/Zo) X L)/K is also commutative, see - The passage from X to X/Z is called a 
central reduction. A commutative homogeneous space is said to be maximal, if it can not 
be obtained by a non-trivial central reduction from a larger one. We consider only maximal 
commutative homogeneous spaces. All commutative homogeneous spaces could be obtained 
as their central reductions. 

Definition 3. A homogeneous space G/K is called indecomposable if it cannot be repre- 
sented as a product G\jK\ x G 2 /K 2 , where G = G\ x G 2 , K = K\ x K 2 and Ki C Gi. 

Obviously, G\jK\ x G 2 /K 2 is commutative if and only if both spaces G\jK\ and G 2 /K 2 
are commutative. Hence, for the classification of commutative homogeneous spaces it is 
enough to describe indecomposable ones. 

Denote by H n the 2n+l dimensional Heisenberg group, i.e., h n = LieH n = C n © E. 
Simply connected commutative groups are denoted by IR™ or C n . The simplest and most 
important results are obtained for simple L. 

Theorem 0.2. Suppose X = (N X L)/K is an indecomposable commutative space, where 
L is simple, L 7^ K and 0. Then X is one of the following eight spaces. 

(H 2n X SU 2n )/Sp„; (IR 7 X S0 7 )/G 2 ; ((M 8 x IR 2 ) X S0 8 )/Spin 7 ; 

(C 2n X SU 2n )/Sp n ; (R 8 X Spin 7 )/Spin 6 ; (IR 8 X S0 8 )/Spin 7 ; 

(IR 2 ™ X S0 2rt )/SU n ; (IR 8 X S0 8 )/(Sp 2 x SU 2 ). 

First we describe commutative homogeneous spaces satisfying condition 

(*) L 7^ K and the action L : n is locally effective, i.e., P is finite. 

Theorem 0.3. Suppose a commutative homogeneous space X = G/K satisfies condi- 
tion (*). Then any non- commutative normal subgroup of K different from SU 2 is contained 
in some simple direct factor of L. 

In the present work we impose on X two technical conditions of "principality" and "Sp^ 
saturation", see sections 3 and 5 for precise definitions and explanations. The first condition 
concerns the embedding of the connected centre of K into L and the action of the connected 
centre of L on n. The second condition describes the behaviour of normal subgroups of K and 
L isomorphic to Sp x . Example El in the beginning of Section 5 shows, that the classification 
in the general case requires a lot of tedious calculations. 

Theorem 0.4. Let X = (N \ L)/K be a maximal principal indecomposable commutative 
homogeneous space satisfying condition (*). Suppose there is a simple normal subgroup 
L\ < L, such that L\ 7^ SU 2 and L\ <f_ K. Then either L is simple (and X is listed in 
Theorem 0.2) or X is one of the following two spaces: (H 2n X U 2n )/(Sp„ ■ Ui), ((IR 8 x IR 2 ) X 
(S0 8 x S0 2 ))/(Spin 7 x S0 2 ). 
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These additional spaces are essentially the same as the spaces from Theorem 0.2. All of 
them are listed in Table 2b (section 2). 

A commutative homogeneous space (N\L)/K is said to be of Heisenberg type if L = K. 
Recently commutative homogeneous spaces of Heisenberg type were intensively studied by 
several people, see, e.g., [2], [H|, |23j, [24J. 

The following theorem is the main result of this article. 
Theorem 0.5. Any indecomposable maximal principal Sp 1 -saturated commutative homo- 
geneous space belongs to the one of the following four classes: 

1 ) affine spherical homogeneous spaces of reductive real Lie groups; 

2) homogeneous spaces listed in Table 2b; 

3) homogeneous spaces ((IR n XSO„) x SO n )/SO n; ((H n \XJ n ) x SU n )/U n , where the normal 
subgroups SO n and SU n of K are diagonally embedded into SO n x SO n and SU„, x SU„ ; 
respectively; 

4) commutative homogeneous spaces of Heisenberg type. 

Commutative homogeneous spaces of Heisenberg type are considered in the sixth section. 
In this case V(G/K) G = U(xi) K , where U(n) is the universal enveloping algebra of n. If n is 
commutative then obviously G/K is also commutative and it is called a commutative space 
of Euclidian type. We assume that n is not commutative. 

Consider a homogeneous space (N\K)/K. Suppose n is at most two-step nilpotent and 
[n, n] is a trivial ^-module. We can decompose n into an ^-invariant sum n = (ro ©3) © V, 
where V is an abelian ideal and [tt), ro] = 3. Any point a G 3* determines a skew-symmetric 
form a on to, namely 77) = «([£, v]) f° r £ The form a is non-degenerate for 
a generic a. The complexification tu(C) is an orthogonal and a symplectic representation 
of K(C) at the same time. Hence it is reducible tn(C) = W © W*. According to |H] 
and [77] . (N X K)/K is commutative if and only if is a spherical representation of the 
complexification K*(V)(C) of K^iV). In the simplest situation when V = the statement 
means that W is a spherical representation of K(C). 

Spherical representations of reductive Lie groups are classified by Kac [10J (irreducible 
representations), Brion 0, finally by Benson and Ratcliff |3j and Leahy [Tl| . independently. 
Historical comments and the classification result can be found in [TJ]. The list of commuta- 
tive homogeneous spaces (N X K)/K, where is a product of several Heisenberg groups, 
is given in PJ. That article also claims to classify all commutative homogeneous spaces 
(N\K)/K with n = (to © 3) © V, where V is an abelian ideal and ro © 3 is a direct sum of 
several Heisenberg algebras. The authors of (H) erroneously assume that if for a subgroup H 
with Lie if = ro © 3 the homogeneous space (H X K)/K is commutative, then (N X K) / K 
is also commutative. The simplest counterexample is ((C 2 x H 2 ) X SU2VSU2. This space is 
not commutative according to [23j, but (H 2 X SU 2 )/SU 2 is commutative. 

Commutative homogeneous spaces of Heisenberg type with an irreducible action K : 
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(n/n') are classified in (2H| and [24]. Generally, n is a sum of a commutative ideal and 
algebras listed in Table 3] and |24J. But the sum cannot be arbitrary. 

The classification of saturated commutative homogeneous spaces of Heisenberg type was 
announced in (2jj- The condition of saturation is a little bit stronger than both conditions 
of "principality" and "Sp 1 -saturation". We present the result of |2Z| m Table 4 and give a 
proof. 

We will frequently use the following results of [2~3] . 

Proposition 1. Corollaries to Proposition 10] Let G/K be commutative. Then 

1) for any normal subgroup N C G the homogeneous space G/NK = (G/N)/(K/(N fl 
K)) is commutative; 

2) for any compact subgroup F C G containing K the homogeneous space G/F is com- 
mutative; 

3) for any subgroup F C G containing K the homogeneous space F/K is commutative. 

We fix some additional notation. 
G' is the commutator group of G; 
G(C) is the complexification of a real group G; 

B(G(C)) and U(G(C)) C B(G(C)) are a Borel and a maximal unipotent subgroups of a 
reductive group G(C); 

X// G stands for the categorical quotient of an affine algebraic variety X by the action 
of a reductive group G. 

Acknowledgments. I am grateful to E.B. Vinberg and D.I. Panyushev for helpful 
discussions and permanent attention to this work. Thanks are also due to A.L. Onishchik 
and D.N. Akhiezer for useful comments on the earlier version. This paper was finished 
during my stay at the Max-Planck-Institut fur Mathematik (Bonn). I would like to thank 
the Institut for hospitality and wonderful working conditions. This research was supported 
in part by CRDF grant no. RM1-2543-MO-03. 

1. Commutativity criterion 

Let U (fl) stand for the universal enveloping algebra of fl. There is a natural filtration: 

U (g) C Ui(g) C ... C U m {o) C ... , 

where U m (g) C {/(fl) consists of all elements of order at most m. 

The Poisson bracket on the symmetric algebra S(q) = gr{/(fl) is determined by the 
formula 

{a + {/„-i(fl), b + C/ m _i(fl)} = [a, b] + U n+m ^ 2 (d) Va 6 C/ n (fl), b G U m (g). 
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Let X = G/K be a Riemannian homogeneous space. It is well known, see, for example, [23J, 
that there is an isomorphism of the associated graded algebras: 

gr U(g) K /(U(g)t) K = grV(X) G = V(T*X) G = S(g/t) K . 

The space {U(g)t) K is an ideal of U(g) K , also (S(g)t) K is a Poisson ideal of S(g) K . The 
well defined Poisson bracket on the factor S(g) K /(S(g)t) K = S(g/t) K coincides up to a sign 
with the Poisson bracket on V(T*X) G . In particular, X is commutative if and only if the 
Poisson algebra S(g/t) K is commutative. 

Suppose X = (N\L)/K is commutative. Then, as proved in [23j, the following condition 
holds 

i) R[n] L = R[n} K . 

The orbits of a compact group are separated by polynomial invariants. Hence (i) is fulfilled 
if and only if L and K have the same orbits on n. There is a ^-invariant positive-definite 
symmetric bilinear form on n which is automatically L-invariant. In particular, vector spaces 
n and n* are isomorphic as L-modules. Therefore, ad* (6)7 = ad*(f)7 for each point 7 G n* 
and hence [ = fi + ly. Moreover, the natural restriction 

t : P > I* 

(which is also a homomorphism of L 7 -modules) determines an isomorphism of i^ 7 -modules 
([/«)* and (ly/iy)*. 

Recall that g = i + n, where n is a nilpotent ideal and [ is a reductive subalgebra. Let n 
and [ be commutative Lie algebras of dimensions dim n and dim [, respectively. We determine 
new Lie algebras Qi — I + n and g2 = I © n, where t, n are commutative ideals and n = n as 
an [-modules. 

Denote by { , } t and { , } n the Poisson brackets on S(gi) and 5 , (g 2 )- There is a K- 
invariant bi-grading S(g) = @S n ' l (g), where S n ' l (g) = S n (n)S l (l). We identify elements of 
S(g) with the corresponding elements of S(gi) and 5 , (0 2 )- 

Lemma 1. We have 

for any bi-homogeneous elements £ G S n ' l (Q),rj G S n '' l '(g). In other words, the Poisson 
bracket on S(g) is a direct sum of the brackets { , }„ and { , }[• 

Proof. The Poisson bracket of bi-homogeneous elements £ = £i---£, n ,V — Vi---Vm G S(g) is 
given by the formula 

{£> ^} = VMl-ii-4nVl-Vj-Vm- (1) 

This expression for {£, rj} contains summands of three different types, depending on whether 
£i and rjj are elements of [ or n. Because [I, n] C n and I, n are subalgebras, if £j, rjj G n, then 
[^rjj] G S rn+n '- 1 ' ,+, '({|) J otherwise f^,^] G S n+n ' > l+l ' - 1 (g) . □ 
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We suppose that I is embedded into [ as a commutative subalgebra of dimension dim t. 
We also denote by { , }„ and { , }i the corresponding Poisson brackets on the Poisson factors 
S(Q 2 /t) K = S(q 2 ) k /(S(q 2 )1) k and Sfti/t) K = S \q x ) k / \S , (g 1 )t) K , where the actions K : ft 
are the same as K : q. We have {a,b} { G S ,n+n '' I+, '- 1 (fl/t) and {a,b} n G S rn+n '- 1 ' ,+, '(fl/e) for 
any a G ^(fl/t), 6 G ^''''(fl/t) (a, 6 G 

Lemma 2. T/ie Poisson bracket on S(q/£) k is of the form { , } = { , } n + { , }[. 

Proof. This is a straightforward consequence of Lemma [TJ □ 

Corollary 1. Let G/K be a commutative homogeneous space and N a simply connected 
commutative Lie group with a Lie algebra h. Set G := N X L. Then G/K is also commu- 
tative. 

Theorem 1. The homogeneous space X = (N X L)/K is commutative if and only if all of 
the following three conditions hold: 

i) R[n} L = R[n} K ; 

ii) for any point 7 G n* the homogeneous space L 7 /i£" 7 is commutative; 

in) for any point (3 G (t/t)* the homogeneous space (N X Kp)/Kp is commutative. 

Remark 1. The statement of the theorem remains true if we replace arbitrary points by 
generic points in conditions (ii) and (iii). 

Proof. As was already mentioned, Vinberg proved in [2SJ that the condition (i) holds for 
any commutative space. So let us assume that it is fulfilled. 

Let 7 be a point in n*. Recall that the .^-modules t/t and l 7 /t 7 are isomorphic. Hence, 
S(l/t) is isomorphic to S([ 7 /t 7 ) as a graded associative algebra and also as a i^ 7 -module. 

Consider the homomorphism 

^: S( /t) — > S(fl/t)/(£ - 7(0 : £ G n) = S(l/l) = 5([ 7 /fi 7 ). 

Evidently, <p^S( d /t) K ) C S^/t^. 

Let (e[ 7 ,i|6n. Then 7 ({£^}) = l([Z,v\) = -[ad^frlfa) = = {SMv)}- 

It can easily be deduced from the above statement and from the formula (0), that for 

arbitrary bi-homogeneous elements a, b G S(g/t) , which can be regarded as elements of 

S((lf® n)/ty), we have 

^ 7 ({a,6}[) = {^ 7 (a),<^ 7 (6)}, 

where the second bracket is the Poisson bracket on S(ly/ty) K ^ . In other words, y? 7 is a 
homomorphism of the Poisson algebras S(g%/t) K and S(ly/t^) K ^ . 

Recall that m = (l/t). We repeat the procedure for the point (3 G m*. Consider the 
homomorphism 

tpp: 5(0/!)— >5(fl/t)/(e-/3(0= (em) = %). 
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Clearly, (pp(S(g/t) ) C S(n) . Note that ifip is a homomorphism of Poisson algebras 
•3($2/t) K and Sin) 1 *-/ 3 . For arbitrary bi-homogeneous elements a, b G S(q/£) k we have 

<MK & }n) = {^(a),y»/9(6)}. 

Here the second bracket is a Poisson bracket on S(n) KfJ . 

Now we show that homomorphisms <y? 7 and <pp are surjective. We have S(g) = 
S( /I) x = E[( /e)*]^ = R[(g/t)*//K] and S(l 7 /! 7 )^ = R[m*//iq, S(n) K e = R[n*//K fi ]. 
Note that 

m*//K, = (K-y x m*)//AT C ( S /t)*//K; 
xCjjKp = (n* x X/?)//^ c (g/!)*/K 

Moreover, K'y and are closed in n* and m*, respectively. Hence the subsets (Kj(Bm*)//K 
and {xC®K(3)//K are closed in (g/t)*//K. Thus, the restrictions R[(fl/t)*]* -> R[K-f®m*} K 
and IR[(g/6)*] x — > R[n* © Kf3] K are surjective. It is therefore proved that (p 7 and tpp are 
surjective. 

(-<=) Suppose conditions (ii) and (iii) are satisfied. Clearly, X is commutative if and only 
if both Poisson brackets { , }„ and { , } ( equal zero on S(g/t) K . If {a,b}i ^ for some 
elements a, b G S(g/l) K then there is a (generic) point 7 G n* such that <£> 7 ({a, b}{) ^ 
0. But ^ 7 ({a,6}[) = {<y9 7 (a), v? 7 (6)} = 0. Analogously, if {a,b} n 7^ for some elements 
a, b G S(g/l) then there is a (generic) point (3 G m* such that <^g({a, &}[) 7^ 0. But 
= {^(o),V/9(6)} = 0. 

(=£*) Suppose X is commutative. Then both Poisson brackets { , } n and { , }[ vanish 
on S(Q/t) K . Hence {p 7 (a), y? 7 (6)} = 0, {^(a), ^(6)} = for any a, b G S(s/!) A . The 
homomorphisms y? 7 and <^g are surjective, so the Poisson algebras S(ly/t^) Ky and S(n) Kf3 
are commutative. □ 

2. Properties of commutative spaces 

Suppose X = G/K = (N X L)/K is a commutative homogeneous space. Denote by P 
the ineffective kernel of the action L : n. Note that P is a normal subgroup of L and G. 
Due to (i) we have L/P C O(n). Hence, the stabiliser L 7 is reductive for any 7 G n* and 
the generic stabiliser L*(n) is also reductive. Condition (i) holds if and only if L = L^(n)K 
or equivalently L/P is a product of L*(n)/P and K/(K H P). All nontrivial factorisations 
of compact groups as products of two subgroups are classified by Onishchik [18J. The group 
L 7 is reductive, hence the homogeneous space L^/K 7 considered in (ii), is commutative if 
and only if it is spherical. 

Definition 4. Let M, F, G, K be Lie groups, with F C M and K C G. The pair (M, F) 
is called an extension of (G, K ) if 

G g M, M = GF, K = F n G. 
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Condition (i) means that (L,K) is an extension of (L*(n), K*(n)). 

Evidently, G/P = N X (L/P) and (G/P)/[K/(K fl P)] is a commutative homogeneous 
space of G/P. In this section we are interested in commutative spaces satisfying condition 

(*) L 7^ K and the action L : n is locally effective, i.e., P is finite. 

In particular, this condition means that L is compact. 

Lemma 3. Let a symmetric pair (M = F x F, F) with a simple compact group F be an 
extension of a spherical pair (G, H). Then G contains either F x {e} or {e} x F . 

Proof. Let G\ and G2 be the images of the projections of G onto the first and the second 
factors respectively. The group G\ x G2 acts spherically on F = M/F = G/H. If neither 
Gi nor G 2 equals F, then due to Theorem 4] we have dimP(G;(C)) < dim[/(F(C)). 
Hence, dim£((Gi x G 2 )(C)) < 2dimP(F(C)) < dimF(C) and the action (Gi x G 2 ) : F 
cannot be spherical. Assume that G± = F but F x {e} is not contained in G. Then G = F 
and if = {e}. But the pair (F, {e}) cannot be spherical. □ 

Lemma 4. Suppose a compact group F C Sp n acts irreducibly on HP and P|pi = Sp x for 
every (6ff,(/0. 7%en F = Sp n . 

Proof. Let F(C) C Sp 2n (C) be the complexification of F. Then F(C) acts on a generic 
subspace C 2 C C 2n as SL 2 (C). Hence it acts on C 2n locally transitively. It was proved by 
Panyushev (2HI m a classification-free way, that F(C) = Sp 2n (C). □ 

Lemma 5. Suppose [ C so(V) is a Lie algebra. Let li be a non-abelian simple ideal of 
{. Denote by tt the projection onto li. If 7r(l*(V)) = h and W\ is a non-trivial irreducible 
l-submodule of V that is also non-trivial as an \\-module, then \\ = su 2 and W\ is of the 
form M 1 ®h EI n ; where I acts on HP as sp n . 

Proof. Set [ = ti©l 2 . We may assume that V = W\. The vector space V can be decomposed 
into a tensor product V = V\,\ ®o V± of ti and [ 2 -modules, where D is one of IR, C or H. 
Here l\ acts trivially on V± and I2 acts trivially on V11. Both actions ti : Vx t i and I2 : are 
irreducible. 

Let x = xi t i <S> x\ G V be a non-zero decomposable vector. Because V^i is a non- 
trivial irreducible [i-module, (li) x 7^ ti. We have [* C l x up to conjugation. Evidently, 
l x C rii(x) © n 2 (x), where rij(x) = {£ G ^ : £x G Dx}. Since ti = 7r(l#) C ni(x), we 
have ni(x) = li. Hence, Dx^i is an [i-invariant subspace of Vi^. Thus V\ t \ = an d 
ti C 0ti(D). If B equals R or C, g[ x (B) is commutative. If D = HI then h(x) C Sp x . Thus we 
have shown that [ x = 5p 1 = su 2 and W\ = HI 1 ©e HI n . Moreover, ^{ux — s Pi- To conclude, 
notice that [ has to act on HP as sp n by Lemma EJ □ 

Set L* := P*(n), K* :— if*(tl). Recall that there is a factorisation L = xLi x ... xi m . 
Denote by 7Tj the projection onto Lj. 
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Theorem 2. Suppose a commutative homogeneous space X = G/K satisfies condition (*). 
Then any non- commutative normal subgroup of K distinct from SU 2 is contained in some 
simple factor of L. 

Proof. Assume K\ is a normal subgroup of K having non-trivial projections onto, say, L\ 
and L 2 . Consider the subgroup M = Z(L) x *K\{K) x tt 2 (K) x L 3 x ... x L m . Evidently, 
K C M. Without loss of generality we can replace L by M or better assume from the 
beginning that Li = iTi(K) = iti(Ki) = K\ (i — 1,2). Denote by 7Ti )2 the projection onto 
L\ x L 2 . According to condition (i), L\ x L 2 = f^i7ri i2 (£*). Recall that due to condition (ii), 
L*/K* is commutative, hence (L*,iC) is a spherical pair. The pair (71*1,2 (■£*), 711,2 (if*)) is 
also spherical as a factor of a spherical pair. Clearly, ni^K*) C 7ri i2 (i^) n7ri )2 (L*). Thus the 
symmetric pair (Li xL 2 , ifi) is an extension of the spherical pair (7ri j2 (L*), 7ri i2 (K)ri7ri i2 (L J|t )). 
By LemmaElthe group vri 2 (L*) contains Li or L 2 (we can assume that it contains L\). Then 
7Ti(L*) = Li and by LemmaElwe have L\ = SU 2 . □ 

In Table 1 we present the list of all factorisations of compact simple Lie algebras obtained 
in [IHj- Here g 1 , g 2 are subalgebras of g, g = g 1 + g 2 , u = g 1 fl g 2 . In all cases n > 1, y? 1 and 
y 2 are the restrictions of the defining representation of the complexification g(C) to g 1 (C) 
and g 2 (C) (whose highest weights are indicated), the fundamental weights, 1 is the 

trivial representation. 



Table 1. 






1 




2 


^ 2 


U 


5U 2n 


SPn 




SU 2n _i 


CC7i +1 


SPn-1 


su 2n _i © R 


sp„_i © R 


50 2n+ 4 


S0 2n +3 




SU n+2 


CC7i + t*7 n +l 


SU, t+ i 


su„ +2 © R 


5U n+ i © R 


50 in 




VJ\ + 1 




ti7i + tUi 


SPn-1 


sp n © R 


Sp r ^i © R 


sp n © su 2 


sp n _i © su 2 


S0i 6 


50i5 


1371+1 


S0 9 




S07 


S0 8 


S0 7 






W 1 +1 


G 2 


S0 7 


G 2 


CC7i 


so 5 


C<7i +1+1 


su 2 


so 5 ffilR 


su 2 © R 


so 6 


©l +1 


su 3 



Note that in Table 1 all algebras g 1 are simple; if g 2 is not simple, then g 2 = g 3 © a, 
where g 3 is simple, = R or a = su 2 and g = g 1 + g 3 . 

Suppose A = (A X L)/K is commutative and K ^ L. Let Li 7^ SU 2 be a simple non- 
commutative normal subgroup of L such that tti(K) 7^ L\ and L x (jL P. Due to LemmaOand 
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Theorem 1 there is a non-trivial factorisation L 1 = ■K\(K) r K- l (L*) . Because L 1 is compact, 
this equality holds if and only if ti = 7Tx(fi) + vr 1 ([ i)I ). Note that if X satisfies condition (*), 
then no simple factor of L is contained in P. Besides, if X satisfies condition (*) and 
Li ^ SU 2 , then, by Theorem 2, n^K) ^ Lj if and only if Lj <f_ K. 

Let X = (N X L)/K be commutative and L\ be a simple normal subgroup of L such 
that iri(K) 7^ Li and L\ <f_ P. Let V stand for the sum of those irreducible L-invariant 
subspaces of n, on which Li acts non-trivially. Denote by P the identity component of the 
ineffective kernel of L : V. Set L = L/P. The group L can be considered as the maximal 
connected subgroup of L, which acts on V locally effectively. Denote by K the image of the 
projection of K onto L, i.e., K = K/(K(~\P). Clearly, V need not be a subalgebra of n, but 
it can be considered as a factor algebra. Let d stand for the maximal L-invariant subspace 
of n on which Li acts trivially. Evidently, a is a subalgebra. Moreover, because different 
L-invariant summands of n commute, see [23, Proposition 15], it is an ideal. We identify V 
with n/d. 

Proposition 2. All triples (L, K, V) which can be obtained from a commutative space X 
as a result of the procedure described above are contained in Table 2b. 

Proof. The homogeneous space (V\L)/K is commutative. Let L = L\ x L 1 x Z(L), where 
L l is the product of all simple factors of L except L 1 . The space V can be represented as a 
sum 

v = (vi.1 ® Dl ^i 1 ) © • • • © (v hp ©b p v; 1 ), 

where V\ t i are irreducible Li-modules, are L 1 -modules, L\ acts trivially on each and L 1 
acts trivially on each V\^. In each summand the tensor product is taken over the skew- field 
Dj, which equals IR, C or EI depending on and V^ 1 . 

Set V\ := V± t i © ... © Vi tP . Let x± = + . . . + xx tP be a generic vector of V\. Then 
there is a sum of decomposable vectors x := x 1} i © x\ + . . . + x\ jP © x x p G V, such that x\ are 
linearly independent. 

Note that (Tri(L x ),in(K x )) is a spherical pair as a factor of the spherical pair (L X ,K X ). 
Clearly, 7Ti(K x ) C iri(L x ) Htt^K). According to condition (i), L\ = tii{L x )-ki{K). Hence, 
the pair (Li,tti(K)) is an extension of the spherical pair (iri(L x ),TTi(L x ) R 7Ti(K)). 

The generic stabiliser (Li)*(Vi) is defined up to conjugation. We may assume that 
(Li)*(Vi) = (Li)^ C it\{L x ). Obviously, iri(L x )xi C ©1X1,1+. . .+B p x hp . Hence, (Li)*(Vi) is 
a normal subgroup of 7Ti(L x ) and iri(L x ) / \L\) *{V\) is locally isomorphic to a direct product of 
(SU 2 ) fe and (Ui) n . Recall that there is a non-trivial factorisation L\ = -ni(L x )iii(K). Looking 
in Table 1 one can see that (Li)*(Vi)° ^ {E}, L x = ix^L^L^^Vx), and 7Ti(L a .)/(L 1 )*(Vi) 
is locally isomorphic to SU2 or Ui, or trivial. To conclude the proof, we need the following 
lemma. 

Lemma 6. All triples (Li, tti(K), Vi) which can be obtained as a result of the above proce- 
dure are contained in Table 2a. 
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Proof. As we already know, {L\, tti(K)) is an extension of a spherical pair (tti(L x ), 7Tx(L x ) fl 
tti(K))\ in particular, it is spherical. The Lie algebra li is simple, hence this extension is 
contained in Table 1. Suppose l± = g for some g from Table 1 and (g, g,) is an extension of 
a spherical pair (flj,u). Then (b)*(Vi) equals to one of the following three algebras: Qj, Qj, 
Qj/spx. The last case is only possible if Qj = sp n © sp l . We have to check if any of these 
three algebras is a generic stabiliser for some representation of li. The representations of 
complex simple algebras with non-trivial generic stabiliser are classified by Elashvili [B|. We 
are interested in the real forms of the orthogonal representations with non-trivial generic 
stabiliser. 

The algebra b is either su 2n or so m . If l\ = su 2n , (Ii)*(Vi) have to be one of the following 
three algebras sp„, su 2 „-i, u 2n -i- According to [2J, V\ is either C 2n or M 6 for [i = su 4 . 

Suppose li = so m . According to (Bj, if m > 15, then V\ is the sum of k copies of M. m and 
(ti)*(Vi) = so m _fc. Table 1 and Kramer's classification [TT] tell us that k — 1, so g^ = so m _i 
and (flj,u) is spherical only in one case, namely (so 2n+3 , su n+ i ©R). For smaller m one has 
to check several cases by direct computations. The result is given in rows 2a, 2b, 4a and 4b 
of Table 2a. 

We assume that a triple tti(K), W) is contained in Table 2a, if W is an Lx-invariant 
subspace of some V\ and (Lx,tti(K), Vi) is a triple precisely listed in Table 2a. □ 

Proceed to the proof of Proposition 2. As can be easily seen, Table 2a does not contain 
symplectic representations, i.e., those that could be a factor in a tensor product over HI. It 
contains only one Hermitian representation (in the first line). 

Set W\ := V\^®Vl . Our next goal is to describe all possible W\. The pair ni(K), Vi i) 
is contained in Table 2a, i.e., V\ t i is an Li-invariant subspace of V\. In particular, the tensor 
product in W\ is taken over 1 or C. 

Set rii = dimVi,!, n 2 = dimV^ 1 and s = min(ni, n 2 ) (here we consider the dimensions 
over the same field as the tensor product in W\.) Let us prove that up to conjugation 

[n 1 (L^W 1 ))]' = [(L 1 )^n...n(L 1 )J, 

where & G Vi i are linear independent generic vectors. In particular, this equality means that 
if dimVi i < dimV^ 1 , then [7Ti(L*(Wi))]' = {E}. Note that the right hand side is evidently 
a subset of the left hand side. So, it is enough to proof the inclusion "c". 

The group L\ is compact, so we can assume that L\ C O m if Di = R or L\ C U ni if 
Di = C. Without loss of generality it can be also assumed that the considered action is 
L\ • 0„ 2 : Vi i ®k Vl or Li ■ U„ 2 : Vi i ®c V±- The left hand side of the proving equality 
could become only larger after such replacement. The required inclusion can be deduced 
from a well known fact: if n < m, then the generic stabilisers for 0„ x O m : R n ® M. m and 
U n xU m :P® C m are O m _„ x (Z/2Z) n and U m _ n x U^ 1 , respectively. 
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Recall that there should be factorisations L\ = 7Ti(.£f)7ri(X*) and Li = tti(K)[ki(L^)]' . 
This imposes rather strong restrictions on s. Thus s = 1 in cases la, lb, 2b, 3 and 4b; s < 3 
in case 2a; s < 4 in case 4a. If V\ is irreducible Li-module, then V = W\. Hence, V = V\ in 
cases la, lb, 2b, 3 and 4b. Note that in general 

m(L(y)) c 7n(L»(yi,i © v; 1 ) n . . . n L(v hp © v; 1 )). 

So there are only a few possibilities for V and hence for (L, K). Namely, p < 2, (dim V"/ + 
dimV^ 1 ) < 2 in case 2a; and p < 3, (dimV^ 1 + dimV^ 1 + dimVg 1 ) < 3 in case 4a. For each 
representation one can easily verify whether conditions (i) and (ii) hold. The result is shown 
in Table 2b. □ 

Remark 2. In the first row of Table 2b V is written as C 2n (ffiM). Of course, R is a trivial 
L-module. So, formally it cannot be put into the table. But it is done here to indicate that 
in this case V can be a non-commutative subspace of n. 



Table 2a. 



Table 2b. 





U 


7Tl(X) 


v 1 


la 


su 2n 


Sp„ 




lb 


su 4 


u 3 




2a 


so 7 


G 2 




2b 


Spin 7 


Spin 6 
Spin 5 • Ui 




3 


so 2 „ 


su n 
u n 




4a 


so 8 


Spin 7 


R 8 © R 8 © R 8 


4b 


so 8 


Sp 2 x SU 2 


R 8 





^ 

L 


^ 

K 


^ 

V 


la 


(S)U 2n 


Sp B (.U 1 ) 


C 2n (©M) 


lb 


su 4 


u 3 


IR 6 


2a 


so 7 


G 2 


R 7 


2b 


Spin 7 


Spin 6 


R 8 


3 


so 2n 


u n 


R 2n 


4a 


S0 8 x S0 2 


Spin 7 x S0 2 


R 8 © R 2 


4b 


so 8 


Spin 7 


R 8 © R 2 


4c 


so 8 


Spin 7 


R 8 


4d 


so 8 


Sp 2 x SU 2 


R 8 



So far nothing was said about the Lie algebra structure on V. Denote by n the subalgebra 
of n generated by V, i.e., n = V + [V, V\. 

Suppose [V", V"] = 0. Then we have a commutative homogeneous space (N\L)/K, where 
N is a simply connected commutative Lie group. 

Suppose X = (N X L)/ K is commutative, L x ^ SU 2 is a simple normal subgroup of L, 
such that tti(K) ^ L l5 L\ <f_ P and a triple (L, K, V) corresponds to Li in the aforementioned 
way. By Proposition 2, (L, K, V) is contained in Table 2b. 

Lemma 7. // (L, K, V) is a triple from Table 2b but not from the first row of it, then V 
has to be a commutative subspace ofn. 
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Proof. Assume that [V, V] ^ 0. There in an L-invariant surjection A 2 V t— > [V, V\. Because 
representation of L in A 2 V is completely reducible, [V, V] can be regarded as an L-invariant 
subspace of A 2 V. If [V", V] is a non-trivial Li-module, then it is an L-invariant subspace of V 
(by definition of V"). Recall that n is nilpotent. Hence, [V, V] ^ V. In particular, if V is an 
irreducible L-module, then L\ has to act on [V", V) trivially. In all rows of Table 2b except 
4b the representation L : V is irreducible. The space A 2 V contains non-trivial L-invariants 
only in cases la, 4a and 4b. 

Consider case 4a. Here K*(m) = SU 4 x S0 2 and M 8 ©M 2 = C 4 © R C S C 4 ©C 4 is a sum 
of two isomorphic Lf*(m)-modules. According to |23| Proposition 15], these two submodules 
are commutative and commute with each other. Hence, [V", V] = 0. In case 4b V = M. 8 ©M 8 
is a sum of two isomorpich L-modules. Hence, it is commutative. □ 

The first case is different. It corresponds to six commutative spaces, namely L can 
be either SU 2n or U 2n . In the second case there are also two possibilities K = Sp n or 
K = Sp„ x Ui. Independently n can be either C 2n or C 2n ©R, with being commutative or 
the Heisenberg group H 2n . So, the first row gives rise to six commutative spaces and each 
of the other to only one. In each case the commutativity can easily be proved by means of 
Theorem 1. Two cases are considered in detail. 

Example 1. Let us prove that (H n X U2„)/Sp n is commutative. Since U2„ and Sp n are 
transitive on the sphere in C 2 ™, IR[C 2n ] U2n = R[q\ = R[C 2n ] SPn , where q is the invariant of 
degree 2. 

The generic stabiliser for Sp n : C 2n is equal to Sp n _ x . The space L T 2n-i/Sp ri _ 1 is a compact 
real form of the complex spherical space GL 2n _i(C)/Sp 2n _2(C), and, hence, is commutative. 

So, only (iii) is left. Here we have m = U2„/sp„ = /\ 2 C 2n . It is a classical result that 
K*(/\C 2n ) = SU 2 x . . . x SU 2/ As a LT*(m)-module n = t>i © ... © t»„ © R, where = C 2 

n 

for every i. Each t)j is acted upon by its own SU 2 . Note that [t)j, Uj] = for i ^ j. For 
Lf*(m) -invariants we have S , (n) K *( m ) = R[ti, ...t n ,£\, where ^ is the quadratic SU 2 invariant 
in S ,2 (t)j) and £ G \}' n . Evidently, U and tj commute as elements of the Poisson algebra S(n), 
and £ lies in the centre of S(n). 

Example 2. The homogeneous space (R 2n X SC^rJ/Un is also commutative. Here n is com- 
mutative, so we do not need to check condition (iii). For (i) we have M[IR 2n ] S02n = R[g] = 
]R[]R 2n ] Un . It can be easily seen that L* = S0 2n -i and = U n _i. The corresponding 
homogeneous space S0 2 „-i/U n _i is spherical by the Kramer's classification [TT] . 

Note that the triple (SU 4 , U 3 , M 6 ) is locally isomorphic to a triple from row 3 of Table 
2b with n=3. 

Proposition 3. Suppose X = (N\L)/K is an indecomposable commutative space, n^O, 
L is simple and L ^ K. Then X is a homogeneous space from Table 2b. 
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Proof. The action L : n is non-trivial, otherwise X = N x (L/K). Consider the triple 
(L, K, V) corresponding to L x = L. By Proposition 2, it is contained in Table 2b. Assume 
that ft 7^ n and let a be an L-invariant complement of ft in n. By definition of V, L acts on 
a trivially. Thus a is an abelian ideal and X is decomposable X = ((N X L)/ K) x A, where 
A C N and Lie A = a. □ 

Lemma 8. Let (N X L)/K be a commutative homogeneous space satisfying condition (*) 
and K\ = SXJ 2 a normal subgroup of K. Then either K\ C SOs, where SOs is a simple 
direct factor of L contained in the row J^d of Table 2b, or K\ is the diagonal of a product of 
at most three simple direct factors of L isomorphic to SXJ 2 . 

Proof Suppose n^K^ ^ {E} and U ^ SU 2 . Then m(K) ^ Li. Consider a triple (L, K, V) 
corresponding to Lj. By Proposition 2, it is contained in Table 2b. Note that Ki is a 
normal subgroup of K. Thus K = Sp 2 x SU2, L = SOs- Assume that K\ has a non-trivial 
projections onto some other simple direct factor of L. Then the pair (S0 8 x SU 2 , Sp 2 x SU 2 ) 
with SU2 embedded into SO§ as a centraliser of Sp 2 and into SU 2 isomorphically, should be 
spherical, but it is not. To conclude, note that the pair (SU 2 x SU 2 x SU 2 x SU 2 ,SU 2 ) is 
not spherical either. □ 



3. Principal commutative spaces 

Let G/K = (N X L)/K be a commutative homogeneous space. Recall that by our 
assumptions L = Z(L) x L\ x . . . L m , where Z(L) is the connected centre of L. The ineffective 
kernel of L : n is denoted by P. Denote by Z(K) the connected centre of K. Decompose 
n/n' into a sum of irreducible L-invariant subspaces n/n' = roi © ... © Xo p . 

Definition 5. Let us call a commutative homogeneous space G/K principal if P is semisim- 
ple, Z(K) = Z = Z(L)x(L 1 nZ)x...x(L m nZ) and Z(L) = dx...xC p , where Q C GL(rOi). 

The classification of commutative homogeneous spaces can be divided in two parts: the 
classification of principal commutative spaces and description of the possible centres of L and 
K in the general case. Note that Table 2b contained only two non-principal homogeneous 
spaces, namely (H 2n X U 2n )/Sp n and (C 2n X U 2n )/Sp n . 

Example 3. We have proved that the homogeneous spaces X = (H 2n X SU 2n )/Sp n and 
Y = (-^2nXU 2n )/Sp n , where = H 2n is the Heisenberg group with Lieif 2n = f) 2n — C 2n ©IR, 
are commutative. Denote by X m = (H 2n X SU2 n ) m /(Sp„) m the product of m copies of 
X. Let L and K be the products of m copies of SU2n and Sp n respectively. Suppose 
Fi C F 2 C (Ui) m . Then, evidently, {{H 2n ) m X (F 2 x L))/{F 1 x K) is a commutative 
homogeneous space, in general indecomposable but non-principal. 
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The above example is rather simple, because there are no conditions on Fx and F 2 . In 
other cases the situation is more difficult. For commutative homogeneous spaces of reductive 
Lie groups the description of possible centres of L and A is given in [2E]- The same problem 
for commutative homogeneous spaces (H n \K)/K, where A C U n is solved in [TJ] and 
In the present article we concentrate on principal commutative spaces. 

Theorem 3. Let X = (N X L)/K be a maximal indecomposable principal commutative 
homogeneous space satisfying condition (*). Then either X is contained in Table 2b (and 
V is simple); or (L, A) is isomorphic to a product of pairs (SU 2 x SU 2 x SU 2 , SU 2 ), (SU 2 x 
SU 2 , SU 2 ) or (SU 2 , Ui) and a pair (A 1 , K 1 ), where A 1 is a compact Lie group. 

Proof. Suppose there is a simple normal subgroup Lj 7^ SU 2 of L, which is not contained 
in A. Then by Theorem 2 iTi(K) 7^ Li. Consider the corresponding triple (L,K, ft). It is 
a homogeneous space from Table 2b. Recall that by definition L is the maximal connected 
subgroup of L acting on V locally effectively, P is the identity component of the ineffective 
kernel of L : V and L — L ■ P. Because X is principal, Z(L) = C x C 1 , where C = 
GL(V) n Z(L), hence C C L, and C 1 C P. In particular, L = L x P. Similarly, the 
connected centre Z = Z(K) is a product Z = Z(L) x Z x Z 1 , where Z C V and Z 1 C P' . 
According to Theorem 2 each normal subgroup Ki SU 2 of K is contained in some simple 
direct factor of L, hence either in L or in P. Suppose a normal subgroup Kj = SU 2 of K 
is not contained in any simple direct factor of L. Then, by Lemma [HI it is diagonal in a 
product of at most three direct factors of L isomorphic to SU 2 . The group L has no normal 
subgroups isomorphic to SU 2 . Hence, Kj C P. Thus K = L D K . Moreover, K = K x F, 
where F C P. Recall that n = V(Ba, where is an ideal and Lj acts on trivially. Let A C N 
be a corresponding connected subgroup. Note that either L = Li or L = Ui x Lj. Anyway L 
acts on a trivially. Thus in case [V, V) = 0, i.e., ft = V, we have obtained a decomposition 
X = ((N X L)/K) x {(A X P)/F). But X in indecomposable, hence X = {N\L)/K and 
it is contained in table 2b. 

There is only one possibility for non-commutative ft, namely Lj = SU 2n , n = V © 3, 
where 3 G and 3 = M is a trivial L-module. Let a be an L-invariant complement of 3 in 
0. If a is a subalgebra (then it is an ideal), we again have a decomposition of X. Assume 
that 3 C [a, a]. We have an L-invariant decomposition n = a © 3 © V, where [o, a] C a © 3, 
[V, V] = 3 and [3, n] = 0. Thus A is a central reduction of ((N X L)/K) x ((A X P)/F) by 
a one dimensional subgroup embedded diagonally into N' x A'. Hence X is not maximal. 

We have proved that if there is a simple normal subgroup Lj 7^ SU 2 of L, which is not 
contained in K, then A is a homogeneous space from Table 2. If this is not the case, then 
the spherical pair (L,K) is a product of the "SU 2 -pairs" and (.A 1 , .A 1 ), where A 1 contains 
the connected center of L and all its simple normal subgroups different from SU 2 . □ 

The homogeneous space (N\L)/K corresponding to the first row of Table 2b is maximal 
if and only if n = f) 2n , and it is principal if and only if L = SU 2n , A = Sp„ or L = U 2n , 
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K = Ui • Sp„. Homogeneous spaces corresponding to other rows of Table 2 b are maximal 
and principal. 

Let X be a commutative homogeneous space. Denote by (L A ,K A ) a spherical subpair 
of (L,K) of the type (SU 2 x SU 2 x SU 2 ,SU 2 ), (SU 2 ,U X ) or (SU 2 x SU 2 ,SU 2 ) and by n A a 
projection onto L A . 

Lemma 9. // (L A , K A ) = (SU 2 x SU 2 x SU 2 , SU 2 ) or (L A , K A ) = (SU 2 , Ui) then ir A (L*) = 
L A , if (L A , K A ) = (SU 2 x SU 2 , SU 2 ) then tt a (L*) equals L A , or SU 2 x U x . 

Proof. The group SU 2 has only trivial factorisations, besides, (7r A (L*), 7r A (L*) fl K A ) is a 
spherical pair. In particular, 7r A (L*) HK A is not empty. This reasoning explains the second 
and the third cases. It remains to observe that in the first case the group 7r A (L*) can not 
be SU 2 x SU 2 x Ui, because the pair (SU 2 x SU 2 x Ui,Ui) is not spherical. □ 

We complete our classification modulo a description of possible actions of normal sub- 
groups of L isomorphic to SU 2 on n. This description is a very intricate problem, which may 
be a subject of another article. 

4. The ineffective kernel 

Suppose X = (N X L)/K is a commutative homogeneous Riemannian space. Let P be 
the ineffective kernel of the action L : n. Then L can be decomposed as L = P-L°, where L° 
is the maximal connected normal subgroup of L acting on n locally effectively. We assume 
that G is not reductive, hence P ^ L. From the classification of spherical pairs we know that 
any normal subgroup K\ of K not locally isomorphic to SU 2 can have non-trivial projections 
only on two different simple factors of L. 

Lemma 10. Let X be commutative. Suppose a normal subgroup K\ ^ SU 2 of K is not 
contained in either P or L°. Then there are simple factors Pi, L\ of P, L° such that 
K 1 <zP 1 x L\, Pi = L\ = K X . Moreover, either K x = SO n+1 , where n > 4; or K x = SU n+1 , 
where n > 2. 

Proof. It can be seen from the classification of spherical pairs that Ki C Li x Lj. We can 
assume that Kx C Pi x L\. The action K\ : n is non-trivial, otherwise K\ would be a 
subgroup of P. Denote by 7rf^ the projection onto K\ in K and by 7Ti i the projection onto 
Pi x L\ in L. By LemmaEl 7rf"(i£*) ^ K%. Recall that (L*, K*) is spherical. Hence, the pair 
(7Ti t i(L*), tti^(K^)) is also spherical. Note that L* = P-L^(n). Hence, ^^(L*) = Pi x 7r*(L*), 
where ti\ is a projection onto L\ in L. 

We claim that (K 1 x ?rf (K*), ^(K*)) is spherical. Without loss of generality, we can 
assume that P\ = L\ = K\. If it is not the case, we replace L by a smaller subgroup 
containing K, namely each of Pi and L\ is replaced by a projection of K onto it. We 
illustrate the embedding ■K 1) i{K lt ) C ^^(L*) by the following diagram. 
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tti,i(L*) ^ K x x tt?(L*) 




Because the pair (711,1 (.L*), 711,1 (if*)) is spherical, (ifi x ^(if*), ^(if*)) is also spherical. 
According to the classification of spherical pairs, there are only two possibilities: either K 1 = 
SO n+1 , ?rf (if*) = SO n ; or ifi = SU n+ i, ?rf (if*) = U n . Assume that Pi ifi. If Lf is larger 
than ifi, then (Pi x L\, 7Ti t i(if)) is one of the following three pairs: (SO n+ i x SO„ + 2, SO n+ i); 
(Sp 2 x S Pm+2 ,Sp 2 x SpJ; (SU n+ i x SU n+2 ,U n+ i). Recall that L\ = t%(L*)t$(K) . The 
group Sp m+2 has no non-trivial factorisation, hence the second case is not possible. Also, 
we know that 7r*(L*) fl 7r*(if) contains SO n or U n , depending on ifi. Thus, only one 
possibility is left (ifi x L%, ir 1}1 (if)) = (SU 3 x SU 4 , U 3 ). According to Table 1, 7if (P*) = Sp 2 , 
Sp 2 nU 3 = Sp a x Ui. We have 711,1 (L*) = SU 3 x Sp 2 . The subgroup 7Ti,i(if*) is contained in 
Sp x x Ui, which is not spherical in SU 3 x Sp 2 . Hence, in this case the pair (7Ti,i(L*), 7Ti,i(if*)) 
is not spherical. We illustrate this case by the following diagram. 

7ri,i(£*) = SU 3 x Sp 2 




TTi^if*) c Spi x Ui 

Thus, we have proved that L\ = K\. 

To conclude, we show that Pi = ifi. Denote by 7rf the projection onto Pi. We can 
decompose 7rf (if) into a locally direct product 7rf (if) = F ■ K\. The subgroups F ■ K 1 and 
F-7rf (if*) are spherical in Pi. Moreover, the pairs (Pi x ifi, F x ifi) and (Pi x 7rf (if*), F x 
7rf"(if*)) are also spherical. There are the same three possibilities for (Pi x Ki,F x ifi), in 
which Pi 7^ ifi, namely: (SU n+2 x SU n+ i, U n+ i), (Sp m+2 x Sp 2 , Sp m x Sp 2 ) and (SO n+2 X 
SO n+ i, SO n+ i). But even the pair (Pi, F ■ 7rf (if*)) is not spherical in any of these cases. □ 

Example 4. We show that the homogeneous spaces ((IR n X SO n ) x SO n )/SO n and ((H n X 
U n ) x SU n )/U„ are commutative. We have L* = SO n x SO n _i for the first space and 
L* = SU n x U n _i for the second one, if* is either SO„_i or U n _i. The stabiliser L* contains 
the first direct factor and if is the diagonal multiplied by the connected centre of L. Hence, 
L = L*K. According to [fH and (16J, L*/if* is spherical. For the second space we have 
to check condition (iii) of Theorem 1. We have if*(m) = (Ui) n . As a if* (m) -module 
n = 0i©...©t> n ©IR, where = IR 2 for every 1 < i < n. Each Oj is acted upon by its own 
Ui. Note that [tJf, t>j] = for % ^ j. For if*(m)-invariants we have S(n) K *^ = R[ti, ...t n ,£\, 
where ti is the quadratic Ui invariant in S 2 (t>i) and (6n'. Evidently, tj and t, commute as 
elements of the Poisson algebra S(n), and ^ lies in the centre of S(n). 
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Note that the homogeneous space ((C"XU„) x SU n )/U„ is a central reduction of {(H n X 
U n ) x SU„)/U n and it is not maximal. 

Theorem 4. Suppose X = (N \ L)/K is a maximal principal indecomposable commuta- 
tive homogeneous space. Then either X is one of the spaces ((R n X SO n ) x SO n )/SO„ ; 
((H n X U„) x SU n )/U n or each non-commutative simple normal subgroup K\ ^ SU 2 of K 
is contained in either P or L° . 

Proof. Essentially, this is a corollary of Lemma E3 Let K\ 7^ SU2 be a non-commutative 
simple normal subgroup of K that is not contained in either L° or P. Then either K x = SO„ 
or K x = SU„ and there are P t = Ll = K x such that K x C P t x L\. Besides, ?rf (if*) = SO n _i 
or n^(K^) = U n _i, depending on K\. According to |Hj, L\ can act non-trivially only on its 
simplest module V (V = W 1 or V = C n ) and V C n is an L-invariant subspace. Set Cy = 
Z(L)C\GL(V). Because X is principal, Cy C K and if is trivial, then vrf^fCf) = (Ki)*(V). 
For K\ = SU„ we have (SU n )*(C n ) = SU n _ x , so C v = U 1? (U n ),(C n ) S Trf (K>) = U n _i. In 
case Ki = SO n the group Cy is trivial. 

Denote by rii := V + [V,V] the Lie subalgebra generated by V, by Nx C N the cor- 
responding connected subgroup. If K\ = SO„, then (fri)*(m) = (Ui)' n ' 2 l. According to 
condition (iii) of Theorem 1, rii has to be commutative, i.e, tii = V. If K\ = SU n , then rii 
can be either a Heisenberg or a commutative algebra. 

Assume that X ((Ax X (L x x C v )) x Pi)/(ATi x C v ). Then L = {L x x C v x P{) x F, 
K = (Ki x Cy) x H, where H C F. Let a be an L invariant complement of Ui in n. Recall 
that the actions (Li x Cy x Pj) : o and F : rii are trivial. 

The remaining part (end) of the proof is the same as in Theorem 3. If a is a subalgebra 
(ideal), then X is decomposable. Assume that [0,0] <f_ a. The action L\ : a is trivial, hence 
[a, 0] fl V = 0. Thus [V, V] C [a, a] and X is not maximal. □ 

Let K\ = SU2 be a normal subgroup of K. Suppose it has a non-trivial projections onto 
Pi and L\. If L\ 7^ SU 2 , then, as we can see from Table 2a, L\ = Spin g . But as was already 
mentioned, the pair (SU 2 x Spin 8 , SU 2 x Sp 2 ) is not spherical. So L\ = SU 2 . 

If tt?(K*) ^ Ki, i.e., 7if (K*)° = Ui, then K x C P x x L\ and P 1 = SU 2 . But if 
iii(K*) = K\ (and this can be the case), then P\ can be larger and K\ can have a non- 
trivial projection onto some other simple factor P 2 or L\ = SU 2 . 

Example 5. Let Sp^i x be a non-compact real form of Sp 2m (C). Set P := Sp m _ 1 x x Sp ; , 
L° := Spj x Sp„, K := Sp m _ 1 x Sp i _ 1 x Sp x x Sp n and take for N a commutative group HP. 
The inclusions and actions are illustrated by the following diagram. 
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The homogeneous space ((N\L°) xP)/K is commutative. Here L* = Sp ?n _ 1 x x Sp ; x Sp x x 
Sp„_i and LT* = Sp m _! x Sp^ x Sp x x Sp n _ x . 

To avoid complicated technical details concerning actions and inclusions of normal sub- 
group isomorphic to Sp x we impose on X a condition of Sp^saturation. 

5. Sp!- saturated spaces 

Let X = (N X L)/K be a commutative homogeneous space. Let Lj be a simple direct 
factor of L. By our assumptions L is a product L = Z(L) x Li x L 4 , where L* contains all 
direct factor Lj with j ^ i. 

Definition 6. A commutative homogeneous space X is called Sp x -saturated, if 

(1) any normal subgroup K\ = SU2 of K is contained in either P or L°; 

(2) if a simple direct factor Lj is not contained in P and ^(L*) = Lj, then Lj C Lf; 

(3) if there is an L-invariant subspace XVj C (n/n') such that for some Lj the action 
Lj : toj is non-trivial and the action Z(L) x L l : rOj is irreducible, then Lj acts on (n/n')/tDj 
trivially. 

Example 6. Suppose that we have a linear action of a connected compact group F = Sp x x F 
on a vector space V and F = FF*(V), i.e., M[V] F = IR[V] F . Then we can construct several 
non-Sp 1 -saturated commutative homogeneous spaces, for instance, (V\F)/(Ui x F), ((VX 
F) x S Pl )/(L x S Pl ), ((V\F) x SpJ/(F x S Pl x Sp^O, i(V\F) x S Pm J/(FxS Pl x SpJ, 
where V is regarded as a simply connected abelian group. 

Consider a rooted tree with vertices 0,1, ... ,q, where is the root. To each vertex % 
we attach a positive integer d{%). Assume that d(0) = 1. Let F be a product of Sp^ over 
all vertices, and F be a product of S Pd ( i ) over all vertices except the root. To each edge 
we attach the vector space ® H M d ^ . Let V be a direct sum of all these spaces. 
The group S Pd m naturally acts on the first factor in M d ^ g) (01*1), where the sum is 
taken over all j connected with i. For example, a tree with two vertices corresponds to a 
linear representation S Pl x Sp d nj : H^ 1 ). We can calculate F*(V) consecutively, descending 
each time one level in the tree and verifying that F = FF*(V), Using Lemma El and some 
basic facts concerning representations of symplectic algebras one can prove that each triple 
(F, F, V) with M[V A ]- F = IR[V^] F corresponds to a tree described above. 

This description is complicated, but the commutative spaces obtained do not differ much 
from either reducible ones or spaces of Euclidian type. Example El is just the beginning of 
another long story, which will be considered elsewhere. 

Example 7. Set X = ((N X (Sp n x S Pl )) x Sp 1 )/(Sp n x SpJ, where n = M n © H is a 
two-step nilpotent non-commutative Lie algebra with [HP, HP] = Ht , HI is the space of 
purely imaginary quaternions, the normal subgroup S Pl of K is the diagonal of the product 
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Spi x Sp x . Here HP = HP ® H HI, where Sp n acts on HP and Sp x acts on H 1 ; H = sp 1 as an 
L-module, i.e., Sp n acts on it trivially and Sp x via adjoint representation. 

Evidently, X = (N X L)/K is not Sp 1 -saturated. We show that it is commutative. First 
we compute the generic stabiliser L*. Recall that (Sp n x Sp^^HP) = Sp n _ 1 x Sp x . Clearly 
L*(H ) = Sp n x Ui x S Pl , (Sp„ x Ui)*(HP) = Sp n _! x U x . We have L, = Sp^ x Ui x S Pl , 
K* = KC\L* = Sp n _ 1 x Ui, K*(m) = Sp n x ((Sp 1 )*(sp 1 )) = Sp„ x Ui. One can easily verify 
conditions (i) and (ii) of Theorem 1. Tables of [23] and [21] shows that (iii) is also satisfied. 

Let X be a non Sp^saturated commutative homogeneous space. It can be made Sp x - 
saturated by enlarging K, L and possibly N too. For instance, if a simple factor Sp x of K 
has non-trivial projections onto P and L°, then we replace P by P x Sp x or P x Sp l x Sp x (the 
second replacement is needed if Sp x has non-trivial projections onto two simple factors of P). 
The group K is replaced by K x Sp x . Starting with the commutative spaces from Example U\ 
we construct an Sp 1 -saturated commutative homogeneous space (Sp x x Sp 1 /Sp 1 ) x (TV X 
K/K), where K = Sp : x Sp n and iV is the same as before. 

Example 8. Set L = K = Sp n x Sp x x Sp m , n = H n © H m © H , where both algebras HP 
and M m are not commutative and [H n ,H n ] = [H m ,H m ] = H . We have S(g/t) K = S(n) K = 
^[6,6,^], where 6 G 5 2 (H n ) Sp «, ^ 2 G 5 2 (H m ) s P-, 77 G S 2 (H ) Spi , so the corresponding 
homogeneous space (N X K) / K is commutative. The third condition of Definition 6 is not 
fulfilled. If we want to enlarge L, we also need to enlarge N . As a Sp^saturation we have 
a product of two commutative spaces (iVj X Ki)/K i7 where rii = HP © H , K\ = Sp n x Sp : ; 

n 2 = e m ©e , K 2 = Sp m x S Pl . 

The procedure that is inverse to Sp 1 -saturation can have steps of three different types. 
First, one simple factor Sp x of K is replaced by Ui; second, two of three simple factors Sp x 
of K are replaced by the diagonal of their product; third, several simple factors Sp x of L are 
replaced by the diagonal of their product, K is replaced by the intersection of the former K 
and new L and probably iV is decreased. 

According to Lemma if (L,K) contains any of the "SU 2 " pairs condition (2) of Defi- 
nition 6 is not satisfied. So an Sp 1 -saturated maximal principal commutative homogeneous 
space is a product of the spaces from Table 2b, spaces of the type ((IP X SO n ) x SO n )/SO n , 
((H n X U n ) x SU n )/U n , spherical homogeneous space of a reductive Lie group and a space 
of Heisenberg type. 

6. Commutative homogeneous spaces of Heisenberg type 

In this section we consider homogeneous spaces of the type (K A N)/K. In this case 
S(q/1) k = S(n) K . We assume that n is not commutative. 

Let us decompose n/n' into a sum of irreducible i^-invariant subspaces, namely n/n' = 
roi © ... © top. As was proved in [2H], if X is commutative then [to*, XOj] = for i 7^ j, also 



21 



[tt»i, tt>i] = if there is j ^ i such that rOj = toj as a if-module. Denote by rij := rOj © [to*, to»] 
the subalgebra generated by rOj. Let l stand for a ^-invariant complement of rij in n and 
set K* := #.(0*). 

Theorem 5. f|13 Theorem 1]) In the above notation, G/K is commutative if and only if 
each Poisson algebra S(xii) is commutative. 

Note that the irreducibility of rOj is not important here. The statement of the theorem 
remains true for any ^-invariant subspace ro C n/n'. 

For convenience of the reader we present here the classification results of [23J and [24]. All 
maximal commutative homogeneous spaces of Heisenberg type with n/n' being an irreducible 
K-module and dimn' > 1 are listed in Table 3. The following notation is used: 

n = ro © 3, where i = n' is the centre of n; 

H is the space of purely imaginary quaternions; 

C m © HP is the tensor product over C; 

M. m © H" is the tensor product over H; 

HA 2 B> n 1 where D = C or H, is the skew-Hermitian square of D; 

HSqM 11 is the space of Hermitian quaternion matrices of order n with zero trace. 
For all cases in Table 3 the commutation operation to x ro i— ► 3 is uniquely determined by 
the condition of -fT-equivariance. Notation (Ur)F means that K can be either F or Ui • F. 
Cases in which Ui is necessary are indicated in the column "Ui". Some spaces are not always 
maximal. This is indicated in the column "max". 



Table 3. 





K 


ro 


3 


Ui 


max 


1 


SO n 


M n 


A 2 R n = so n 






2 


Spin 7 


IR 8 


R 7 






3 


G 2 


R 7 


R 7 






4 


(U r )SU„ 
(n even) 


c n 


A 2 C n © R 






5 


(U r )SU n 
(n odd) 


c n 


A 2 C n 






6 


u n 


c n 


HA 2 C n = u n 






7 

8 


(Ur)Sp B 
Ui ■ Spin 7 


c 8 


HS 2 U n © e 

M 7 ffiM 






9 


Spi x Sp n 


U n 


Ho = sp 1 




n ^ 2 


10 


Sp 2 x Sp n 


H 2 © HP 


HA 2 U 2 = sp 2 






11 


(U r )SU 2 x SU n 


C 2 ©C n 


HA 2 C 2 = u 2 


n = 2 




12 


U 2 x Sp n 


C 2 ©M n 


HA 2 C 2 = u 2 







In the general case, the classification of maximal principal Sp^saturated commutative 
spaces of Heisenberg type is being done in the following way. If (N\K) / K is a commutative 
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homogeneous space of non-Euclidian type, then there is a non-commutative subspace roi C 
(n/n'). Denote by K e the maximal connected subgroup of K acting on roi effectively and 
by 7r e the projection onto K e in K. Recall that tti := roi © [tt>i, tt>i]. 

If rii is not a Heisenberg algebra (i.e., dining > 1), then the pair (K e ,ni) is a central 
reduction of some pair from Table 3. If rii is a Heisenberg algebra, then (K e , tii) corresponds 
to an irreducible spherical representation K e (C) : W, in a sense that roi is a .K" e -invariant 
real form of W © W*. According to Kac's list [10J, there are 14 such cases. 

For any commutative homogeneous space (Ni \K e )/K e , where xii/n[ = roi, we have to 
find out if it arise in the aforementioned way from some larger commutative homogeneous 
space (N X K)/K, and if so, list all of them. Note that K 1 acts on rii as ^(K 1 ). Due to 
lemma El and the third condition of Definition 6, ^(K 1 ) is a proper subgroup of K e . 

As was proved in [B], homogeneous space (N X F)/F, where n = E n © A 2 IR n , is not 
commutative for any proper subgroup F C SO„. So if rii corresponds to the first row of 
Table 3, then, by Lemma n = tli. 

We say that the action K : n is commutative if the corresponding homogeneous space 
(N X K) j K is commutative. 

Lemma 11. Suppose that K e = K' e x Ui, [tt>i, tt>i] ^ and roi = W © M 2 , where K' e acts 
on W and Ui on M. 2 . Let F be a proper subgroup of K' e . If the action F : W is reducible 
then (Ni X(Fx Ui))/(F x Ui) is not commutative. 

Proof We show that the action of H = (SO n x SO m ) x S0 2 on m = (R n © R m ) © R 2 © 
[tDi, tx»i] cannot be commutative. Assume that it is commutative and apply Theorem 5. We 
have H*(R n © IR 2 ) = SO„_i x SO m . The subspace R m © R 2 is a sum of two isomorphic 
SO n _i x SO m -modules. Hence, ]R m ©]R 2 is a commutative subalgebra of tii. This can happen 
only if [roi, K>i] = 0. □ 

Lemma 12. Let (N\K)/K be a commutative homogeneous space from Table 3, but not 
from the second, third or ninth row. Suppose a subgroup F C K acts on n/n' reducibly. 
Then (N X F)/F is not commutative. 

Proof. Assume that (N X F)/F is commutative. Then due to Proposition 15 of [22] there 
are at list two subspaces V\, V 2 C n/n', such that V\ © V 2 = n/n' and [Vi, V 2 ] = 0. Evidently, 
this is not true in cases 1, 4, 5, 6. For the same reason, in cases 10, 11 and 12 F contains 
the first simple factor of K, either Sp 2 or SU2. 

In the seventh case F has to be a subgroup of Sp m x Sp n _ m . Subspaces H m and EP~ m 
do not commute with each other. For the eighth case we apply Lemma ITT1 

In case 10, we have F C Sp 2 x Sp m x Sp n _ m , F*(HI 2 © H m ) C Sp x x Sp 1 x Sp n . The 
subspace H 2 © H n_m is a sum of two isomorphic F*(IHI 2 © EI m )-modules. Hence, H 2 © HP 1- ™ 
is a commutative subalgebra of n. But this is not the case. 
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In case 11, F is a subgroup of either SU 2 x U m x U n _ m or SU 2 x Sp m//2 for even m. 
The first case is just the same as the previous one. For the second case note that as a 
SU 2 x Sp m/2 -module C 2 © C n ^ H m / 2 © W 1 ' 2 . The 12-th case is exactly the same. □ 

Corollary (of the proof). Let (N X K)/K be a non-Euclidian central reduction of a homo- 
geneous space from row 8, 11 or 12 of Table 3. Then (N\F)/F is not commutative for any 
proper subgroup of F C K acting on n/n' reducibly. 

Note that this statement is not true for a central reduction (U n , C n ©R) of the pair from 
the 6-th row of Table 3. 

Lemma 13. Suppose 7t e (K ) = (Ui) n and a homogeneous space (Ni X K l )/K l is commu- 
tative. Then m = R 2n © R, K e = U n . 

Proof. An irreducible representation of Ui on a real vector space is either trivial (R) or R 2 . 
If tDi is the sum of more than n -/^-invariant summands, then two of them are isomorphic 
and there is a non-zero 77 G tt>i such that [77, tr>i] = 0. But K e T) = C 3(1X1). By the same 
reason to^ 1 ^ = 0. Because the action (Ui) n : roi is locally effective, roi = R 2n . We have 
A 2 R 2 = R, hence K 1 acts on trivially. Each element of K e is contained in some maximal 
torus, that is up to conjugation in ir^K 1 ). Hence K e acts on trivially and K e C U n . 
The group U n has no proper subgroups of rank n acting on R 2n irreducibly. Thus we have 
K e = U n , n; = (A 2 R n ) u - = R. □ 

From now on, let (N X K)/K be an indecomposable maximal Sp^saturated principal 
commutative space with rii 7^ n. In particular, the connected centre Z(K e ) of K e acts on 1 
trivially. Let a C n be a ^-invariant subalgebra. Clearly, if the action K : n is commutative, 
then K : a is also commutative. We assume that K : n is not a "subaction" of some larger 
commutative action. 

Assume for the time being that K' e is simple and denote it by K\. Decompose n into a 
sum of -fT-invariant subspaces n = rii © V 2 ©d 2 V" 2 © ... © ®d 9 V q (BV tr , where Vi are pairwise 
non-isomorphic irreducible non-trivial Ki-modules, V tT and V 1 are trivial -K^-modules and 
all the other simple normal subgroups of K act on Vi trivially. First we have to describe 

possible Vi, then dimensions of V\ afterwards the actions K : Vi © V 1 and K : V tT . Once 

i=2 

again we use Elashvili's classification |H]. Lemma H3] tells us that the adjoint representation 

can be among Vi only for (K e ,xii) = (U n ,C n © R). Note that if V tr is not contained in n', 

g 

then there is a simple factor of K acting non-trivially both on Vi © V % and V tr . 

1=2 

Recall that tt^K 1 ) is contained in the product Z(K e )-N(£), where N(£) := {k e Ki\k£ G 
Oj£} is the "normaliser" of a generic vector £ G Vi. Suppose (Ki)*(Vi) is trivial or finite. 
Then Tt^K 1 ) is finite for = R and commutative for Dj = C In the following lemma we 
prove that for Dj = HI the projection ^(i^ 1 ) is also commutative. 
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Lemma 14. Let F C Sp n; n > 2 and (F^HP)) = E. Then the image of the generic 
stabiliser (F x Sp m )*(HI n ® H m ) under the projection on F is commutative. 

Proof. Assume that this is not the case, i.e., the image contains Sp 1 . Then this is true 
not only for generic points, but for all of them, in particular, for decomposable vectors. In 
other words, the restriction F\^ for £ 7^ 0, £ E HP contains Sp x . Due to LemmaO we have 
F = Sp n . But then F*(M n ) = Sp^. □ 

Example 9. Let (K e ,ni) be a pair from the second row of Table 3. We show that n C 
rii ©IR 7 © IR 2 . All representations of Spin 7 are orthogonal, so here all Dj equal IR. The group 
Spin 7 has only three irreducible representations with infinite generic stabiliser, namely so 7 , 
M. 7 and IR 8 . If Vi = IR 8 for some z, then if 1 has a non-zero invariant in roi, which commute 
with roi. This is a contradiction. Thus n = ni © IR 7 © K 2 © Vt r . If dimV 2 > 3, then 
TieiK 1 ) C SU 2 x SU 2 . But the action SU 2 x SU 2 : (C 2 ffiC 2 ) ©IR 7 is not commutative. In case 
dimV 2 = 2 we have rie^K 1 ) = Spin 5 = Sp 2 . The pair (Sp 2 , H 2 ©IR 7 ) is a central reduction of 
the pair from the 7-th row of Table 3 with n = 2 by a subgroup corresponding to M (here 
HS$U 2 = R 7 as a Sp 2 -module). 

We have seen that dim\^ 2 < 2, so no simple normal subgroup of K except Spin 7 acts 
non-trivially on V2 ® V 2 . Assume that there is a non-commutative subspace ro 2 C n. It is 
either IR 7 or IR 7 © IR 2 . The first case is not possible, because A 2 IR 7 = SO7 as a Spin 7 -module. 
In the second case we apply Theorem 5 to ro 2 = IR 7 © IR 2 . Recall that, K = Spin 7 or K = 
Spin 7 x S0 2 , (Spin 7 )*(IR 8 ©IR 7 ) C Spin 6 . By Lemma 11, the action S0 6 x S0 2 : ro 2 © [ro 2 , tTJ 2 ] 
is commutative only if [ro 2 ,ro 2 ] = 0. The corresponding commutative space is indicated in 
the 13-th row of Table 4. 

There are 9 cases in which K e has two simple factors. Namely, 4 last rows of Table 3 
and there central reductions, and 3 irreducible spherical representations: (C*-)SL m x SL„ : 
C m ©C n , (C*-)SL n xSp 4 : C"©C 4 , GL 3 xSp n : C 3 ©C 2n . We have to carry the same procedure 
for both simple normal subgroups of K. 

For convenience of the reader, we list here all irreducible representations of su„ with non- 
trivial generic stabiliser. They are described by the highest weights of the complexifications 
V(C) with respect to sl n . 



Table A n _ x . 



n 


representation 


(SU B ),(V)° 




R{w 1 )@R{w 1 )* 


SU n _! 




R(zu 2 ) © R{w 2 )* 


(SU,)^ 




R{2w 1 ) © R{2vj 1 y 






R(wi + vj{) 




4 


R{w 2 ) 


Sp 2 


6 


2R(w 3 ) 


(U1) 2 
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Note that the action (SU^fV) : C n is irreducible only in one case: n = 4, V = i?(^> 2 ) — 

For almost all pairs from Table 3, the action K 1 : roi have to be irreducible. This leaves 
only a few possibilities for Vi. The obtained commutative spaces are listed in rows 2, 4, 5 of 
Table 4. 

The Lie group G 2 has only two irreducible representations with non-trivial generic sta- 
biliser, namely adjoint one and IR 7 . Thus, if (K e ,ni) is the pair from the 3-d row of Table 
3, then K = K e and n = U\. 

Calculations in cases ((Ui) • Sp n , H n © H ), ((Ui) • Sp n , HP © R) and (Spj. • Sp n , W 1 ©spj 
do not differ much. By our assumptions subgroups Ui and Sp x act on D 1 trivially. The result 
is given in rows 9, 10, 11 and 12 of Table 4. 

If n' is a trivial if-module, the calculations are even simpler. However, we have more such 
cases. Assume that Ui is not commutative. Recall that roi(C) = W\ © W% as a fT-module. 
We have to check whether the action n e {K l ) : W\ is spherical or not. We will consider one 
example in full details. 

Lemma 15. Let (N\K)/ K , where K = SU 2 x F be a principal Sp 1 -saturated commutative 
space. Suppose that the image of the projection of K*(n) on SU 2 contains Ui. Then there 
are three possibilities: K = SU 2; n = IR 3 ; F = (S)U S or F = (U r )Sp s/2 , n = C 2 © C s © E; 
F = (S)C/ 4 , n = (C 2 © C 4 © R) © M 6 . 

Proof. Note that the intersection of two distinct general subgroups Ui C SU 2 is finite. 
Hence, u contains only one irreducible ^-invariant subspace on which SU 2 acts non-trivially. 
The Lie algebra su 2 has only two non-trivial representations with a non-trivial generic nor- 
maliser, namely IR 3 and C 2 . The first one is orthogonal and can not be contained in n in the 
form M. 3 © W for s > 1. Assume that C 2 © C s C n. The group F acts on a generic subspace 
C 2 C C s as Ui or as SU 2 . It can be easily verified that the first case is not possible. In 
the second one F and U m have the same orbits in C m , i.e., U m = FU m _i. According to 
the classification [TH] , there are only 4 listed in the lemma possibilities for F. Suppose F 
acts (non-trivially) on some other ^-invariant subspace V C n. Then C s is an irreducible 
F*(V)-module. This can only happen for s = 4, F = (S)C/4 and V = M 6 . □ 

Example 10. We describe all possible principal Sp 1 -saturated maximal commutative pairs 
(K,n) for (# e ,m) = ((U r )SU n ,C"©R). 

First assume that n = 2. The action Ui • Ui : C 2 © IR is commutative. Hence we can 
"replace" SU 2 by Ui. This yields the three possibilities from Lemma fTol 

Suppose n > 2. From Table A n _i we know that su n has the following irreducible repre- 
sentations with non-trivial generic stabiliser: su n , C n , A 2 C n for n > 4 and IR 6 for n = 4. All 
of them can occur in 1 as Vi. The first one is orthogonal, so for s > 1 the space su„ © IR S 
could not be a subspace of D 1 . Moreover, if V 2 = su n , then 1 = su n , because a rank of any 
proper subalgebra f C su n is smaller then n — 1. The action U n : tlx © su n is commutative. 
In the following we assume that su n is not contained in 1 . 
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Consider the case n = 4. We have 1 = ]R 6 ©M s ©C 4 ©1/ 3 ©K r . Note that (SU 4 )*(M 6 ®M 3 ) 
is finite, so s < 2. Also (U x • U 4 )*(M 6 <g> M 2 © C 4 ) = (U^ 3 and C 4 is not a spherical 
representation of (C*) 3 . Hence, for s = 2 we have (K, n) = ((S)U 4 (-S0 2 ), C 4 ©M©M 6 ©M 2 ). 
Another possible pair is (U 4 ■ Ui, (C 4 ffilR) ©K 6 © (C 4 ©R)). The rest of this case is the same 
for general n and is dealt upon below. 

Note that (SU n )*(A 2 C n © A 2 C n ) = Ui and (SU n )*(A 2 C n © C n ) = {E}. Thus we have 
either n = n x © (A 2 C n © R) or n = tii © C n © Da V 2 © V tT . Here B 2 equals C or R. If 
B 2 = R and dimV^ 2 > 1, then n e {K l ) is contained in Ui • U n _ 2 C U 2 • U n _ 2 . Evidently, the 
Ui • U n _ 2 -module C n is not spherical. Hence, D 2 = C. 

Similar to the proof of Lemma fl~5l we obtain that i£*(Vt r )/SU n acts on V 2 = C s as (S)U S 
or Sp s / 2 for even s. In the second case (for s > 4) we have n^K 1 ) C (Ui) 2 • SU n _3, but the 
action (C*) 2 : C 3 is not spherical. Thus V tI = R is a trivial ^-module and n C ni©C 2 ©C s ©IR. 

It is not difficult to show, that If (i^ e ,ni) is one of the pairs: (Ui • SO n , f) n ) with n ^ 8, 
(U n , 5 2 C" © R), (Ui ■ Spin 9 , f) 16 ), (Ux ■ G 2 , f) 7 ), (Ui ■ E 2 Q, f) 27 ), then K = n = m. One 
has to use the list of [8 J and for some cases Lemma fTTl 

We will not consider other cases. They are similar to Example HTH 

All commutative homogeneous spaces of Hiesenberg type satisfying our restrictions are 
listed in Table 4. The algebra n max is given in the following way. Each subspace in 
parentheses represent a subalgebra tt)j © [rOj,rOj]. The spaces given outside parentheses are 
commutative. The action of K is uniquely determined by irreducibility and by Table 3. 

Notation (SU n , U n , Ui ■ Sp n / 2 ) means that this normal subgroup of K can be equal either 
of these three groups. Symbol Sp n / 2 has sense only for even n. For n odd, the group Sp n / 2 
does not exist, so it cannot be a subgroup of K. 

Theorem 6. All indecomposable Sp^saturated maximal principal commutative homoge- 
neous spaces (N \K)/K with non- commutative n and reducible n/n' are given in Table 4 
in a sense that n is a K -invariant subalgebra ofn max . 

Proof. We have seen above how one can prove that all such commutative spaces are con- 
tained in Table 4. Now we prove that all listed spaces are commutative. We do it using 
Theorem EJand the list of the spherical representations given in [12) . It is proved in P|, |H 
and [Hj that spaces listed in rows 3, 7, 8, 9, 15, 18 and 19 are commutative. 

Suppose n contains a commutative ^-invariant ideal IR 6 . According to Theorem El K : n 
is commutative if and only if JC^IR 6 ) : n/IR 6 is commutative. For second, 4-th and 5-th rows 
of Table 4 pairs ^(IR 6 ) : n/IR 6 are contained in Table 3, hence, commutative. For 6-th, 
20-th and 23-d rows of Table 4 pairs ^(IR 6 ) : n/IR 6 correspond to spherical representations 
listed in gj, [Hj. Analogously, for the 22-d row pair fC(IR 6 ©IR 6 ) : n/(IR 6 ©IR 6 ) corresponds 
to a spherical representation. 

Let (N X L)/K be a commutative homogeneous space. Then the action K : n © (l/t), 
where l/t is a commutative ideal, is commutative. The pairs from the first and 12-th rows 
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of Table 4 are obtained in such a way from commutative spaces {{H n X U„) x SU n )/U n 
and {H 2n X U 2 „)/Sp n . In case [n, n] = 0, we obtain a commutative homogeneous space 
of Euclidian type. Thus essentially these are the only non-trivial examples given by this 
construction. 

In the remaining eight cases we use Theorem [HI For instance, take the 11-th row with 
K = Sp n x Sp m . Here n contains only one non-commutative subspace toi = HP. Set d = 
\n-m\ and s = min(ra,m). Then K 1 = ^(E n xi m ) = (Sp^xSp,. Anyway K x j{K x V\P X ) 
contains (SpjJ". To conclude note that the action Spi : (HI ©Ho) is commutative according 
to Table 3. □ 



Table 4. 





K 




1 


u n 


(C n © E) © su n 


2 


u 4 


(C 4 © A 2 C 4 © R) © M 6 


3 


Ui-U n 


(C n © E) © (A 2 C rt © E) 


4 


su 4 


(C 4 © HSqB 2 © E) © M 6 


5 


u 2 -u 4 


(C 2 © C 4 © HA 2 C 2 ) © IR 6 


6 


SU4 ■ U m 


(C 4 © C m © E) © R 6 


7 


U m • U n 


(C m © C n © E) © (C m © E) 


8 


u m • su 2 • u p 


(C m © C 2 © E) © (C 2 © C p © E) 


9 


Ui • Ui ■ Sp n 


(H n © IR) © (M n © E) 


10 


Sp„ ■ Spi ■ (Sp ls U x , {£}) 


(HI n © Hq) © HI 1 © HP 


11 


Sp n ■ (Sp ls Ui) • Sp m 


(H n © Ho) © HI™ © H m 


12 


Sp n -(Sp 1 ,U lj {£7}) 


(W 1 © H ) © HS^W 1 


13 


Spin 7 .(S0 2 ,{E}) 


(R 8 © R 7 ) © R 7 © R 2 


14 


Ui ■ Spin 7 


(C 7 © E) © R 8 


15 


Ui ■ Ui ■ Spin 8 


(C% © E) © (C* © E) 


16 


Ui • Spin 10 


(C 16 © E) © R 10 


17 


(SU n ,U n ,Ui • Sp n/2 ) • su 2 


(C™ © C 2 © E) © su 2 


18 


(SU n ,U n ,Ui • Sp n/2 ) • u 2 


(C n © C 2 © E) © (C 2 © E) 


19 


(SU n , U n , U r Sp„ /2 )-SU 2 -(SU n , U„, Ui-Sp n/2 ) 


(C n © C 2 © E) © (C 2 © C n © E) 


20 


(SU n , U n , Ui • Sp n/2 ) • su 2 ■ u 4 


(C n ©C 2 ©M)©(C 2 ©C 4 ©M)©E 6 


21 


u 4 -u 2 


R 6 © (C 4 © C 2 © E) © su 2 


22 


u 4 • u 2 ■ u 4 


M 6 ©(C 4 ©C 2 ©M)©(C 2 ©C 4 ©M)ffiM 6 


23 


Ui • Ui • su 4 


(C 4 © IR) © (C 4 © IR) © IR 6 


24 


(U r )SU 4 (-S0 2 ) 


(C 4 © IR) © IR 6 © IR 2 



Remark 3. Suppose G is a complex reductive group. Let X be a smooth affine algebraic 
spherical G-variety. By Luna's slice theorem, see [E], we have X = Gx H W, where H C G is 
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a reductive subgroup and W is a finite-dimensional i?-module. As was proved by Knop and 
Panyushev (private communications), if is a spherical subgroup of G and W is a multiplicity 
free representation of ii*(jj/h). Let K C H be a maximal compact subgroup, V = (fj/f))]R 
a fT-invariant real form of a/f) and n = lf ®Ka Heisenberg algebra corresponding to W . 
According to Theorem 5 and P|, the action K : n © V is commutative. 

7. Conclusion 

Theorem 7. yln?/ maximal indecomposable principal Sp 1 -saturated commutative homoge- 
neous space belongs to the one of the following four classes: 

1 ) affine spherical homogeneous spaces of reductive real Lie groups; 

2) spaces corresponding to the rows of Table 2b; 

3) homogeneous space ((IR n XSO n ) x SO n )/SO n , ((H n \XJ n ) x SU n )/U n , where the normal 
subgroups SO n and SU n of K are diagonally embedded into SO n x SO n and SU n x SU n , 
respectively; 

4) commutative homogeneous spaces of Heisenberg type. 

Proof. Let X = G/K be a commutative homogeneous space. If G is reductive, X belongs 
to the first class. If L = K then it is a space of Heisenberg type. 

Assume that G is not reductive and L ^ K. Suppose a simple factor K 1 of K has 
non-trivial projections onto both P and L°. Then due to condition (1) of the definition of 
Sp 1 -saturated commutative spaces, K\ ^ SLV By theorem 4, X belongs to the 3-d class. 
If all simple factors of K are contained in either P or L°, then, because X is principal, 
P°/(P° fl K) is a factor of X. But X is indecomposable and G is not reductive, so P° is 
trivial. Thus, X satisfies condition (*). 

If there is a simple factor L\ of L such that 7Ti(L#) ^ K and L\ ^ K, then, according 
to Theorem 3, X is contained in the second class. If there is no such factor, then also by 
Theorem 3, (L, K) is a product of pairs of the type (SU2 x SU2 x SU2, SU2), (SU2 x SU2, SU2) 
or (SU 2 , Ui) and a pair (K 1 , K 1 ), where K 1 is a compact Lie group. But these pairs (except 
(K 1 ,!^ 1 )) are not allowed in Spi-saturated commutative space. The second condition of 
the definition of Spx-saturated commutative space contradicts the conditions of Lemma 8. 
Thus, L would be equal K, but this is not the case. □ 
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